TROPICAL TEICHMULLER AND SIEGEL SPACES 



MELODY CHAN, MARGARIDA MELO, AND FILIPPO VIVIANI 



Abstract. In this paper, we present a unified study of the moduli space of tropical curves and Outer 
space which we link via period maps to the moduli space of tropical abelian varieties and the space of 
positive definite quadratic forms. Our work is a first step towards exhibiting Outer space and the space 
of positive definite quadratic forms as analogues of Teichmiiller space and Siegel space, respectively, in 
tropical geometry. All these spaces and the maps among them are described within the category of 
■ ideal stacky fans, which we describe in detail. 
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The aim of this paper is to develop a tropical analogue of Teichmiiller space, of Siegel space, and of the 
period map from the former space to the latter one. Indeed, in some sense, this analogy has been known 
in geometric group theory well before the advent of tropical geometry; however, we hope to convince the 
reader that the tropical viewpoint can bring some new insight into the picture. 

For the reader's convenience, we start by first reviewing the classical theory and then explaining the 
tropical analogy that we want to pursue here. 
I> " 

1.1. Classical theory: Teichmiiller, Siegel and the period map. In this subsection, we give a 
very short overview of the classical period map from the Teichmiiller space to the Siegel space, referring 
the reader to |ACG11[ Chap. XV] and [BL041 Chap. 8, Chap, 11] for more details and references. 

Fix a connected, compact, orientable topological surface S g of genus g > 20 Let xq G S g and set 
II g := ni(Sg,xo)- The group Hi(S g ,Z) = Hg h := n g /[II ff , LT ff ] = I? 9 has a symplectic structure given 
by the intersection pairing (•, •) on S g . It is possible to chose a basis of H\{S g ,T,) with respect to which 



(-, ■) is given by the standard symplectic form 

Q 



o i g 



The Teichmiiller space T g is the fine moduli space of marked Riemann surfaces of genus g, i.e. 

pairs (C, h) where C is a Riemann surface of genus g and h: S g — ^ C is the homotopy class of an 
orientation-preserving homeomorphism, called a marking of C . The space Tg is a complex manifold of 
dimension 3g — 3 which is homeomorphic (although not biholomorphic) to the unit ball in C 3s ~ 3 (see 
[ACG111 Chap. XV, Thm. (4.1)]). In particular, T g is a contractible space. 

Consider now the outer automorphism group Out(II g ) := Aut(LT s )/ Inn(II 9 ) of II g . S ince S g is an 
Eilenberg-MacLane K(H g , l)-space, every element a G Out(II g ) is induced by a homotopy equivalence 

S g S g which, by the Dehn-Nielsen-Baer theorem, we may choose to be a homeomorphism as g ■ S g ^> 



^This assumption on g is made only for simplicity. Indeed, everything we are going to say is trivial for g = and it can 
be easily adapted to the case g = 1, where everything is much more simple. 
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Sg. The map as g is unique up to homotopy and we call it the geometric realization of a. The mapping 
class group T g is the index two subgroup of Out(F g ) consisting of the elements a 6 Out(F g ) such that 
the geometric realization as g is orientation-preserving. 

The mapping class group acts on the Teichmiiller space Tg by changing the marking. More precisely, 
an element a £ T g acts on T g by sending (C, h) e T g to 

(C, h) o a := (C, /i o a Sg ). 

The action of T g is properly discontinuous (see |ACG111 p. 452]) and the quotient M g :— T g /T g is a 
complex quasi-projective variety which turns out to be the coarse moduli space of Riemann surfaces of 
genus g. 

The Siegel space M g is the fine moduli space of marked principally polarized (p.p. for short) abelian 
varieties of dimension g, i.e. triples (V/A, E, 4>) where V is a complex g-dimensional vector space, A C V 
is a full-dimensional lattice (so that V/A is a complex torus of dimension g), E is a principal polarization 

on the torus V/A and </>: (Z 29 ,Q) ^> (A,E) is a symplectic isomorphism (called a marking of the 
principally polarized torus {V/A, E)). Recall that a principal polarization on the complex torus V/A is 
a symplectic form E : V x V ^M. such that: 

(i) E(A, A) C Z; 

(ii) E(iv,iw) — E(v,w) for any v,u> 6 

(iii) There exists a symplectic isomorphism (Z 29 , Q) (A,_E). 

The space H 9 is a complex manifold of dimension ( 9 ^ 1 ) which is moreover contractible (see [BL041 Sec. 
8.1]). 

The symplectic group Sp g (Z) := Aut(Z 2s , Q) acts on M g by changing the marking. More precisely, an 
element g S Sp g (Z) acts on H ff by sending (V/A, E, <f)) £ H 9 into 

O//A,£,0)o 5 := (V/A,E,(j>og). 

The action of Sp s (Z) is properly discontinuous (see [BL041 Prop. 8.2.5]) and the quotient A g := 
M g / Sp ff (Z) is a complex quasi-projective variety that is the coarse moduli space of p.p. abelian varieties 
of dimension g (see |BL04[ Thm. 8.2.6]). 

The Jacobian J(C) of a Riemann surface C of genus g is the p.p. abelian variety of dimension g 
given by the complex torus H°(C, ujc)* /Hi(C, Z) (where the injective map Hi(C, Z) <—> H°(C,ujc)* is 
given by the integration of 1-forms along 1-cycles) together with the principal polarization Eq coming 

from the intersection product on H\(C, Z). Any marking h : S g C of C gives rise to a marking 

4>h : (I? 9 ,Q) = (Hi(Sg,Z) } (•, •)) (Hi(C, Z),Qc) of J(C). Associating to a marked Riemann surface 
of genus g its marked Jacobian we get the following holomorphic map, called the period map: 

Pg-.Tg^ Mg 

(C,h)^(J(C),4> h ). 

Consider now the group homomorphism 

X : T g — > Sp g (Z) 
a >-> ( a s g )* 

where (as g )*'- Hi(S g ,Z) ^> Hi(S g} Z) is the symplectic automorphism induced by the geometric real- 
ization as g of a. The map x 1S indeed surjective (see |ACG111 p. 460]). It is easily checked that the 
period map V g is equivariant with respect to the homomorphism x and to the actions of T g on Tg and 
of Sp s (Z) on M g that we described above. Therefore we get the following commutative diagram (in the 
category of complex analytic spaces) 

(1.1) Tg^^Mg 

Mg^Ag 

where t g is the algebraic morphism, called the Torelli morphism, given by: 

tg : Mg > Ag 

C ^ J(C). 
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After this quick review of the classical theory, we can now explain the tropical analogues of the above 
spaces and of the period map. 

1.2. Tropical Teichmuller space. Pure tropical curved, i.e. compact tropical manifolds of dimension 
1, are given by metric graphs, as shown in the breakthrough paper [MZ07j of Mikhalkin-Zharkov. Note 
that a graph is an Eilenberg-MacLane K(F g , l)-space (for some natural number g, called the genus of the 
graph), where F g is the free group on g generators. Therefore, in the tropical picture, Riemann surfaces 
of genus g are replaced by metric graphs of genus g; the fundamental group H g of a Riemann surface of 
genus g is replaced by the fundamental group F g of a graph of genus <?; and the mapping class group T g is 
replaced by the outer automorphism group Out(F g ) of F g (note that there are no orientation-preserving 
restrictions in the tropical world). As in the classical case, in order to define a marking of a tropical 
curve, we fix a graph of genus g, say the rose with g petals (i.e. the graph which has a unique vertex and 
g loops attached to it) which we denote by R g , and we define a marking of a tropical curve C = (T, I) 
of genus g (where T is the graph of genus g and I is the length function on the edges) to be a homotopy 
equivalence h : R g — »• T , up to an isometry of the metric graph (r, I); see Definition 13.1.21 for the precise 
definition. This analogy has also been pointed out by L. Caporaso in |Capl2b| Sec. 5]. 

Following [BMV11 (which was inspired by the analogy between the moduli space of tropical curves 
and the moduli space of Deligne-Mumford stable curves) it is convenient for our purposes to enlarge the 
class of pure tropical curves by allowing (vertex) -weighted graphs. Therefore, a tropical curve will be 
throughout this paper a metric weighted graph (T,w,l) satisfying a natural stability condition; we refer 
the reader to where we also define a marking of an arbitrary tropical curve. 

In view of the previous definitions, it is now clear that the analogue of the Teichmuller space should 
be the moduli space of marked metric graphs. Indeed, such a moduli space, usually denoted by X g 
and dubbed Outer space by P. Shalen, was constructed, in the celebrated work of Culler- Vogtmann 
as a fan inside an infinite dimensional vector space; we review the construction of X g in £13.21 
Moreover, the group Out(F g ) acts naturally on X g by changing the marking, and this action is known 
to be properly discontinuous. This action of Out(F g ) on X g has been successfully used to reveal some of 
the features of this very interesting group (which was the original purpose of geometric group theorists 
in studying X g ); we refer the reader to the survey papers |Vog02 , Bes02] and |Vog06| for an update of 
the known results. 

Our approach to the tropical Teichmuller theory is slightly different from the one used by Culler- 
Vogtmann in the definition of Outer Space. We define the (pure) tropical Teichmuller space, denoted 
by T g tr (resp. T g tr,p ) as an abstract (i.e. not embedded) topological space by gluing together rational 
polyhedral cones (resp. ideal rational polyhedral cones, i.e. rational polyhedral cones with some faces 
removed) parametrizing marked (pure) tropical curves having fixed underlying marked (weighted) graph; 
see Definitions 13.1.81 and 13.3.141 In fact T g tI,p is homeomorphic to X g , which amounts to saying that 
X g has the simplicial topology: this result is certainly well-known to the experts in geometric group 
theory, and a proof can be found in |GL07] . The space 7^ r can be regarded as a bonification (or partial 
compactification) of T g tr ' p = X g and, indeed, it is homeomorphic to the simplicial closure of X g , of which 
it provides a modular description. 

Topological spaces obtained by gluing together rational polyhedral (ideal) cones via lattice-preserving 
linear maps are called (ideal) stacky fans in this paper. The stacky fans previously introduced in i BMVllj 
and |Chal2) are special cases of the more general definition presented here. Section [5] of this paper is 
devoted to the study of (ideal) stacky fans: we prove that they have nice topological properties (e.g., 
we prove that they are always Hausdorff and, under some mild conditions, also locally compact, locally 
path-connected, second countable and metrizable; see Propositions 12.1.121 and 12.1. 13[) and we define 
morphisms of ideal stacky fans (see Definition I2.1.15[) . Moreover, we introduce admissible actions of 
groups on (ideal) stacky fans (roughly, those actions sending ideal cones into ideal cones via lattice- 
preserving linear maps; see Definition I2.2.3P and we show that quotients by admissible actions do exist 
in the category of (ideal) stacky fans (see Propositions 12.2.61 and l2~2.8p . Indeed, as it will be clear in a 
moment, it is this last property that makes the category of ideal stacky fans particularly suited for the 
purposes of this paper. 



2 These curves correspond to compact tropical curves up to tropical modifications in the terminology of MZ07]. Our 
definition of tropical curves is the slightly more general definition proposed in | BMVlj] . see below. Therefore, we call this 
restricted subclass "pure" tropical curves, a term which was introduced by L. Caporaso in |Capl2b] . 

^In loc. cit., the authors consider only marked metric graphs of genus g with total length equal to one; however this is 
not very natural for our purpose, so we never normalize the total length of a metric graph. 
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The tropical Teichmiiller space T g tT and its open subset T g tY ' p , the pure tropical Teichmiiller space, are 
indeed ideal stacky fans (see Propositions 13. 1 .51 and 1573 . 1 5[) . The group Out(F g ) acts on T g tr and on T g tr ' p 
by changing the marking of the (pure) tropical curves (see tj3.4[) and we show that this action is admissible 
in Proposition EXU The quotients M* r := T g tr / Out(F 9 ) and M* r ' p := Tf*/ Out(F s ) X g /0\it{F g ) 
(which exist in the category of ideal stacky fans by what said before) are moduli spaces for tropical curves 
(resp. pure tropical curves) of genus g\ they coincide indeed with the moduli spaces first introduced in 
[BMVllj and further studied in |Chal2j and |Capl2b| (see gj). Note also that we have natural maps 
of ideal stacky fans 77^ r — > M g r and T g tr ' p —5- M* r ' p which correspond to forgetting the marking of the 
tropical curves (resp. pure tropical curves). 

1.3. Tropical Siegel space. Following BM Vllj and slightly generalizing MZ07], we define a tropical 
principally polarized (=p.p.) abelian variety of dimension g to be a pair (V/A, Q) consisting of a g- 
dimcnsional real torus V/A and a positive semi-definite quadratic form Q on V which is rational with 
respect to A, i.e. such that its null space is defined over A ®i Q. We say that a tropical p.p. abelian 
variety (V/A, Q) is pure if Q is positive definit^. A marking of a tropical p.p. abelian variety (V/A, Q) 
is an isomorphism of real tori <j> : R 9 /Z 9 V/A, or equivalently a linear isomorphism from R 9 onto V 
sending Z 9 isomorphically onto A. 

Therefore, in the tropical setting, complex tori are replaced by real tori, the symplectic form giving 
the polarization on a complex torus is replaced by a rational positive semi-definite quadratic form, and 
the isomorphism of symplectic lattices giving the marking is replaced by an isomorphism of lattices. In 
particular, the symplectic group Sp g (Z) is replaced by the general linear group GL g (Z). 

Marked (pure) tropical p.p. abelian varieties of dimension g are naturally parametrized by the cone 
nj* c rC* 1 ) (resp. n g c rC* 1 )) of rational positive semi-definite (resp. positive definite) quadratic 
forms on R 9 . However, in order to put an ideal stacky fan structure on Q g and on f2 g , we need to 
choose an admissible decomposition E of Q T gl which, roughly speaking, consists of a fan of rational 
polyhedral cones whose support is Off and such that GL g (Z) acts on E with finitely many orbits (see 
Definition 15.1.31) . There are few known examples of such admissible decompositions of £l r g : in H5.2I we 
review the definition and main properties of two of them, namely the perfect cone decomposition Ep 
(or first Voronoi decomposition) and the 2nd Voronoi decomposition Ey, both introduced by Voronoi 
in |Vorl908] . Given any such admissible decomposition E of Qjjf, we can define a stacky fan s H g ', 
which we call the tropical Siegel space associated to E, by gluing together the cones of E using the 
lattice-preserving linear maps given by the natural inclusions of cones of E (see Definition I5.3.3P . The 
tropical Siegel space s H g T ' contains an open subset E H* r,p C E HI* r , called the pure tropical Siegel 
space (associated with E), which is the ideal stacky fan obtained from the stacky fan E H* r by removing 
the cones that are entirely contained in the boundary f2 g * \ £l g . The (pure) tropical Siegel space s H* r 
(resp. s H* r ' p ) naturally parametrizes marked (pure) tropical p.p. abelian varieties of dimension g (see 
Proposition 15.3. 4T( i])^. Moreover, there exists a continuous bijection $ : ^M g r — »■ Q z g which restricts to 
a homeomorphism from s H g r ' p onto tt g (see Proposition l5.3.4tHiT) 'l. Notice however that the map $ is 
certainly not a homeomorphism (as it follows from Lemma 12.1.51) and we do not know if, varying E, the 
tropical Siegel spaces s H* r are homeomorphic or not (see iJ7]). 

The group GL g (Z) acts naturally on ^H* 7, and on s H g r ' p by changing the marking and it is easy 
to check that these actions are admissible (see Lemma l5.4.2[) . The quotients s ^4* r := E H g r / GL 5 (Z) 
and s A* r -P := s H ff r ^/GL ff (Z) = n g /GL g (Z) (which exist in the category of ideal stacky fans by what 
was said before) are moduli spaces for tropical p.p. abelian varieties (resp. pure tropical p.p. abelian 
varieties) of dimension g; they coincide indeed with the moduli spaces first introduced in |BMVll| and 
in |Chal2j . Note also that we have natural maps of ideal stacky fans E H* r -> ^A g r and s H* r 'P -> ^A g r >P 
which correspond to forgetting the marking of the tropical p.p. abelian varieties (resp. the pure tropical 
p.p. abelian varieties). 

1.4. Tropical period map. Following again BMV11 , which slightly generalizes the original definition 
of Mikhalkin-Zharkov [MZ07 , to any (pure) tropical curve C = (T,w,l) of genus g we can associate a 
(pure) tropical p.p. abelian variety of dimension g, called the Jacobian of C and denoted by J(C), which 

#i(r,R) ©RH 

is given by the real torus ; r —. — r together with a rational positive semi-definite quadratic form 

6 J i?i(r,z) ©zM 6 



In the paper |MZ07| . only pure tropical p.p. abelian varieties are considered and they are simply called tropical p.p. 
abelian varieties. 
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Qc which is identically zero on W w ' and on Hi (T, M) measures the lengths of the cycles of T with respect 
to the length function I on T (see Definition 16. 1 . 1|) . Moreover, a marking h of C naturally induces a 
marking (f>h of J(C) (sec Dcfinition l6.1.2D . 

In Section l6~2l we define the tropical period map 

' g ■ 'g * ll g 

which is shown to be a continuous map in Lemma-Definition 16.2.11 

A natural question then arises: can we lift the tropical period map to a map of stacky fans 

s 7>f : if -»• E H* r 

for some admissible decomposition S of fijj^? The answer is given in Theorem l6.2.6l such a map ^Vf of 
stacky fans, called the H-period map, exists when S is compatible with the period map Vf in the sense 
that it sends cells of the stacky fan Tf into cones of E (sec Definition 16. 2.3[) . For example, it is known 
that the perfect cone decomposition Ep and the 2nd Voronoi decomposition are both compatible 
with the period map (see Fact 16.2.4)) . 

It is easily checked that the E-pcriod map (when it exists) is equivariant with respect to the natural 
group homomorphism 

21 : Out(F 9 ) -> Out(Z 9 ) = Aut(Z 9 ) = GL S (Z) 

induced by the abelianization homomorphism F g — > Ff — Z 9 (see Theorem 16.2. 6t|H|) ) . Therefore, for 
any E compatible with the period map, we have the following commutative diagram of stacky fans (which 
in some sense can be regarded as the main result of this paper) : 

(1.2) Tf > s H* r 

If I Out(F 9 ) = Mf -X *A» = S H*7 GL 9 (Z) 

where s t* r is the map, called the tropical Torelli map (with respect to E), that sends a tropical curve 
C into its tropical Jacobian J(C) (see Theorem 16.2. 6lfnT]) ) . For the 2nd Voronoi decomposition Ey, the 
tropical Torelli map was introduced in jBM Vllj and further studied in |Chal2| . 

The restriction of the above diagram (ll.2[) to the pure moduli spaces is independent from the chosen 
admissible decomposition E and reduces to the following commutative diagram of topological spaces 

(1.3) x g ^ — *n g 

X g /Out(F g )^n g /GL g (Z) 

where / P t g r,v (called the pure period map) is equal to the restriction of the tropical period map ^V g r to 
X g = T g tT,p and t g r,p (called the pure tropical Torelli map) is equal to the restriction of the tropical Torelli 
map s i* r (for any E as above) to M* r ' p = X g / 0ut(F 9 ); see Theorem 16.2. 6t|rv|) . Note that the diagram 
(|1.2j) can be seen as a bordification (or partial compactification) of the diagram (|1.3[) . 

Here is a concrete example that illustrates the effect of applying the maps in (|1.2[) to a particular point 
in X 3 . Let T be the graph drawn at the top of Figure[2l with three vertices and edges labeled a, b, c, d, and 
e. Let h: R3 — > T be the marking of T that sends the three loops of -R3 to ab,cb, and ded, respectively, 
where e denotes the reversal of e. Thus h is a homotopy equivalence. Suppose I : E(T) — > R>o is a length 
function on the edges of T. Then (r, I, h) is a point in X3, i.e. a metric graph with a marking. Applying 
the period map V g r to (r, I, h) yields a 3 x 3 positive definite matrix 

/1(a) + 1(b) 1(b) \ 

A= 1(b) 1(b) + 1(c) . 
V 1(e)) 

The image of (r, I, h) under the quotient of A3 by Out(-F3) is simply the pure tropical curve (r, I) in 
M^ r . The period map Vg r then descends to the Torelli map t l { from Mg r to J*t{ sending (T,l) to the 
GL3(Z)-equivalence class of the matrix A. All of these maps will be defined precisely in this paper. 
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The paper is organized as follows. In Section [2] we introduce the category of ideal stacky fans and 
we study quotients of ideal stacky fans by admissible actions. In Section [3] we define the (pure) tropical 
Teichmiiller space as a (ideal) stacky fan and study the admissible action of Out(F'g) on them. In Section 
[4] we realize the moduli space of (pure) tropical curves as a quotient of the (pure) Teichmiiller space by 
Out(.F s ). In Section [5] we study the (pure) tropical Siegel space and identify its quotient by GL g (Z) 
with the moduli space of (pure) tropical p.p. abelian varieties. In Section [5] we study the (pure) tropical 
period map from the (pure) tropical Teichmiiller space to the (pure) tropical Siegel space and we identify 
its quotient with the (pure) tropical Torelli map. Finally, in Section [7] we present some open problems 
that naturally arise from our work. 

After the completion of this work, we heard about the Ph.D. thesis of Owen Baker at Cornell Uni- 
versity, where the period map from Outer space to the space of positive define quadratic forms is also 
discussed. It would be interesting to compare his results with the results presented here. 

Acknowledgments. We are extremely grateful to M. Bestvina and F. Vallentin for their very help- 
ful correspondences and for generously answering several mathematical questions, and D. Margalit for 
supplying many helpful references and for introducing many of the ideas mentioned above to the first 
author. 
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de Moduli em Geometria Algebrica (PTDC/ MAT/ 11 1332/2009). 

2. Ideal stacky fans and stratified quotients 

Throughout, we let V = M 1 denote the K-vector space with \X\ finite or countable, with a fixed lattice 
N = Z 1 C R x in it. 

2.1. Ideal fans and ideal stacky fans. We start this subsection by recalling the definition of a rational 
polyhedral fan and introducing the concept of an ideal fan, which is obtained from a rational polyhedral 
fan by removing some faces. 

Definition 2.1.1. A rational polyhedral cone, or a cone, for short, is a closed, convex set of the form 

<7 = {Ai^i + • • • X s x s : Xi G R>o} C V 

for some finite set x±, . . . ,x s G N. A rational polyhedral fan in V is a (possibly infinite) collection E of 
cones of V satisfying: 

• if t is a face of a G E then t£S, and 

• the intersection of two cones in S is a face of each. 

The support of E, denoted supp(E), is the union of the cones in E. 

Definition 2.1.2. An ideal rational polyhedral cone a of V (or an ideal cone of V, for short) is a convex 
subset of V obtained from an TV-rational polyhedral cone a in V by removing some of its faces. A face 
of an ideal cone a is the intersection of a with a face of a. Thus, faces of ideal cones can be empty. We 
let <t° denote the relative interior of tr, so that <7° is a rational open polyhedral cone. 

Note that faces of a are closed subsets of a. Our use of the word "ideal" follows the terminology 
introduced in jCV86j : when it is clear from context, we will refer to ideal cones simply as cones. 

Definition 2.1.3. Suppose E = {57} is a rational polyhedral fan in V. Fix some subset of the cones of 
E whose support is denoted by Z . Then supp(E) \ Z <Z V can be written as a union of ideal cones in a 
natural way: if Wl was a cone in E, then replace it by the ideal cone Oi obtained by deleting the faces 
of Oi lying in Z, or remove a7 entirely if it lies in Z itself. We call a collection of ideal cones E = {<Ti} 
obtainable in this way an ideal fan. 

As with fans, the support of an ideal fan is the union of its ideal cones and is denoted supp(E). Note 
also that if r is a face of a G E then r G E, and the intersection of two ideal cones in E is a face of each. 

Definition 2.1.4. An ideal fan E in V is locally finite if every x G supp(E) has some open neighborhood 
that meets only finitely many ideal cones of E. 

Equivalently, by shrinking the open neighborhoods, we see that E is locally finite if and only if every 
x G supp(E) is in only finitely many ideal cones and has some neighborhood meeting only those cones. 
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Figure 1. Example of a non-locally finite ideal fan. The bottom-left point, colored 
white, is omitted. Even though every point of the ideal fan is in finitely many cones, 
every neighborhood of x meets infinitely many cones. 

Figure 12.11 illustrates that the property of being locally finite is stronger than just the requirement 
that each point is in only finitely many ideal cones. 

Lemma 2.1.5. Let £ be an ideal fan in V, and let X-% — (U <?i)/ ~ be the space obtained by gluing the 
ideal cones o~i £ £ on their overlaps. Then £ is locally finite if and only if the natural map X —> supp(£) 
is a homeomorphism. 

Proof. The map /: (djoi)/ ~) — > supp(£) is obviously a continuous bijection. Suppose £ is locally 
finite, let Z be a closed set in Xs, and let x £ supp(£) be a limit point of f(Z). By local finiteness, 
there is some cone a such that x is a limit point of f(Z) fl o; hence Z is closed. 

Conversely, suppose S is not locally finite at a; £ supp(£). For j = 1, 2, . . ., choose a cone o~j £ £ whose 
interior meets the open ball Bi/j{x) of radius 1/j and such that <7j is not a face of any previously chosen 
cone. Such a choice is possible since infinitely many cones meet B 1 /j(x). Pick any Xj £ B 1 /j(x) Pi en 
different from x. Then the set {xi,X2, . . .} is closed in since each cone contains only finitely many 
of its points, but as a subset of V , it contains x in its closure. □ 

Definition 2.1.6. Let V = E m and V = E™ be with fixed lattices N = Z m C V and N' = Z n C V and 
let X, X' be ideal cones in V and V, respectively. We say that a linear map L : V — > V is integral if 
L(N) C N'. We say that it is a lattice-preserving inclusion if it induces an inclusion X <-» X 1 identifying 
X with a face of X', and if 

L(N n span(X)) = N' D span(X'). 

We now introduce ideal stacky fans, which are a slight strengthening of stacky fans in the sense of 
|Chal2[ Def. 3.2] (relaxing the definition in [BMV111 Def. 2.1.1]). 

Definition 2.1.7. Let {Vi} is a collection of finite-dimensional real vector spaces, each with a fixed 
associated lattice, and let {ui C Vi} be a collection of ideal cones, one in each. Let {L a : Vi — > Vj} be 
a collection of lattice-preserving linear maps inducing an identification cr^ <—t o~j of Oi with a face of . 
Here, we allow i = j . 

Let X = (JJfTj)/ ~, where ~ is the equivalence relation generated by identifying each x with L a (x) 
for all linear maps L a . If X — ]J (o - "/ ~) as sets, then we say that X is an ideal stacky fan with cells 
{of/ ~}. We call a map L Q an inclusion of faces. We say that o; is a stacky face of Oj if z = j or there 
is a sequence of inclusions of faces from Oj to Oj. 

Remark 2.1.8. Note that for fixed o and o' in the definition above, there can be only finitely many 
distinct maps L a : o— > a'. For since L a is lattice-preserving, it must take the first lattice point on a ray 
of the closure of a to a first lattice point on a ray of the closure of a' , so there are only finitely many 
choices. 

Remark 2.1.9. Definition 12 . 1 . 71 allows for ideal cones instead of closed cones, and it allows for infinitely 
many cones as well. However, a straightforward argument, essentially the one in |Chal2[ Theorem 3.4] 
in the case of tropical moduli space, shows that an ideal stacky fan on finitely many closed cones is a 
stacky fan in the restricted sense of |Ch al2, Def. 3.2]. 

Remark 2.1.10. If £ = {o^} is an ideal fan in a finite-dimensional vector space V, then the space 
Xy: = (11°"*)/ ~, where ~ is generated by inclusions of faces, is trivially an ideal stacky fan with cells 
{o°}. However, X% has the same topology as supp(£) C V only in the case that £ is locally finite; this 
is precisely Lemma 12.1.51 

Remark 2.1.11. Suppose instead that V is infinite-dimensional, £ = {o;} is an ideal fan in V, and each 
cone of £ is simplicial, i.e. is a cone over a simplex, possibly minus some faces. Pick a point e p on each 
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ray p of the associated (closed) fan £, to be regarded as the "first lattice point" of that ray. Then a 
d-dimensional cone a £ S can be identified with an orthant a' — M> C K d , possibly minus some faces, 
by sending each point e p to one of the standard basis vectors in R d . 

Then we associate a space X-% to £ by gluing the cones a' along their faces in accordance with the fan 
structure of S; this space is again trivially a stacky fan. Again by Lemma 12.1.51 it is homeomorphic 
to supp(S) if and only if £ is locally finite. 

Ideal stacky fans enjoy remarkable topological properties. 

Proposition 2.1.12. Ideal stacky fans are regular (hence Hausdorff). 

Proof. Let X = (TJ <jj)/ ~ be an ideal stacky fan. We may assume that each at is in fact a closed cone, 
for in the general case, take subspaces. Take the barycentric subdivision of each cr,-; let {crj, . . . ,<7^} be 
the cones in the resulting complex. Let C — {of } CT . 6S ixfc^i; be the set of all the barycentric pieces of 
all the cones. Now, each L a maps each cone in C homeomorphically to another cone in C . Consider the 
equivalence relation on the set C generated by the maps L a in this way, and let J C C be a choice of 
representatives. Then 

X - ]J 4/ 

where ~' is generated by composing identifications via L a and identifications of faces within a barycentric 
subdivision. Note in particular that any such composite map taking o\ to itself must be the identity, 
since the vertices of erf correspond to a faces of <j{ of distinct dimensions and each map L a preserves 
this correspondence. It follows that the space Y[j °~\ I ~' i s a cone over a CW-complex, hence regular 
e.g. by |Hat021 Proposition A.3]. ' □ 

Thus, all of the spaces we shall consider in this paper are regular. In particular, this proof unifies and 
generalizes the results [Capl2a ( Theorem 5.2] and |Chal21 Theorem 4.13] that the spaces M* r and A g x , 
whose definitions we will soon recall, are Hausdorff. 

Proposition 2.1.13. Let X = ([](Tj)/~ be an ideal stacky fan and assume that each ideal cone o~i is a 
stacky face of only finitely many other ideal cones. Then X is: 

• locally compact; 

• paracompact; 

• locally path connected (hence locally connected); 

• metrizable (hence first countable). 

If moreover, X has only countably many connected components, then X is also 

• second countable (hence separable and Lindeldf). 

Proof. Let X = (TJ <r,)/~ be a locally finite ideal stacky fan. Since each cr, is a stacky face of only finitely 
many other cones, it follows from Remark 12.1.81 that the surjective continuous map (]Jcri) — > (]] o~j)/ ~ 
is closed with finite fibers. In particular, it is a perfect map, i.e. surjective continuous map which is 
closed and has compact fibers (see [MunOOl Ex. 26.12]). Observe now that the topological space Yl a i 
satisfies the first three properties (because each ideal cone Cj does) and it is well-known that a perfect 
map preserves these properties (see e.g. [MunOOl Ex. 31.7, Ex. 41.8, Ex. 25.8 0]). Therefore X satisfies 
the first three listed properties. 

Observe next that, since X is locally path connected, X is the disjoint union of its connected compo- 
nents (with the topology of the disjoint union). In order to prove that X is metrizable, it is sufficient 
to prove that each of its connected components is metrizable. Clearly, each connected component C of 
X inherits from X the property of being regular, locally compact and paracompact. Hence C is second 
countable by MuiiDO Ex. 41.10]. Since C is regular and second countable, the Urysohn metrization 
theorem (see [MunOOl Thm. 34.1]) implies that C is metrizable. 

Finally, if X has countably many connected components, then each of these connected components is 
second countable by what was proved above; it follows that X itself is second countable. 

□ 

Remark 2.1.14. The hypothesis that each ideal cone o~i is a stacky face of only finitely many other ideal 
cones cannot be removed from Proposition 12 . 1 . T31 as the following example shows. 

^In IMunOOl Ex. 25.8], it is stated that any quotient map preserves the property of being locally connected, but indeed 
the same suggested proof shows that also the property of being locally path connected is preserved by taking quotients. 
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Consider the stacky fan X whose cones are <To := {0} C M° and a n :— R>o C K 1 for every n > 1, and 
whose inclusion of faces are L n : ctq ^ °V» identifying <jq with the origin of a n , for every n > 1. It is 
easily checked that X is not first countable at the point corresponding to oo (hence it is not metrizable) 
and it is not locally compact. 

There is a natural notion of morphism of ideal stacky fans that generalizes the definition of morphism 
of stacky fans (see |BMV1U Def. 2.1.2]). 

Definition 2.1.15. Let X and Y be ideal stacky fans with cells {of/ ^} and {rf / ~}, respectively. 
A continuous map / : X — > Y is a morphism of ideal stacky fans if for all , there exists a r 3 and an 
integral-linear map L : o~i —> Tj such that the following diagram commutes. 

L 

a t ^Tj 

x — U-y 

2.2. Admissible decompositions and stratified quotients. The aim of this subsection is to intro- 
duce admissible decompositions and their corresponding stratified quotients. 

Definition 2.2.1. Let V be a finite-dimensional real vector space, let X C V, and let G be a group 
acting on X. An ideal fan E with support X is called an ideal G- admissible decomposition of X if: 

(i) the action of G permutes the cones on E, that is, if a S £ and g £ G, then a ■ g £ E; 

(ii) the action of g G G on any a G E is given by a lattice-preserving linear map V — > V taking a to 
a ■ g. 

If E is an ideal fan satisfying the above conditions, then we call it an ideal G-admissible decomposition 
of X. 

Given an ideal G-admissible decomposition E of X, we now define a kind of quotient space, called the 
stratified quotient, gotten by gluing representative cones together. We will see that it is the same as the 
topological quotient X/G in the case that E is locally finite, but is better behaved than X/G if not. 

Definition 2.2.2. Let V be finite-dimensional, let E be an ideal G-admissible decomposition of A C V, 
and let {<7i} be a system of representatives for the G-orbits of the cones in E. Given two representatives 
<Ji and (Tj and an element g S G such that Ui ■ g is a face of (jj, let £i,j, 9 : cr.j o~j be the corresponding 
lattice-preserving linear map. (Here, we allow i = j.) Then the stratified quotient of X with respect to 
E is 

X/frG:= 

where ~ is the equivalence generated by the maps Lij t9 . We emphasize that X//y,G is a topological 
space with respect to the quotient topology. 

With just a little more work, we can define G-admissible actions and stratified quotients for any ideal 
stacky fan. We will need these more general definitions to take quotients of Outer Space and its simplicial 
closure in Section [3l 

Definition 2.2.3. Let X = (JJoi)/ ~ be a stacky fan with cells {of/ ~}. An action of a group G on X 
is admissible if for each g € G and o^, there exists some Oj (necessarily unique) and a lattice-preserving 

map Lg.i : Oi ^> Oj such that the following diagram of sets commutes. 

(Ti >■ 0~j 

X^L+x 

We say that o~i and <Tj are in the same G-orbit if so. 

Definition 2.2.4. Let X — ({Jff t )/ ~ be a stacky fan with cells {of/~} and inclusions of faces {L a }, 
and suppose we have an admissible G-action on X. Let {&j}jej be a set of G-orbit representatives. 
Then define the stratified quotient to be 

X//G=(l[v j )/~' ) 
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where the quotient is over all identifications given by composite maps of the form <Ji —^4 cr, ■ g o~j 
for all g, i, and j. 

Remark 2.2.5. D efinit ions 1 2 . 2 . 1 1 and 1 2 . 2 . 2"! are i ust special cases of Definitions 12. 2751 and |2".2. 41 namely, in 
the case that the ideal stacky fan is obtained from an ideal polyhedral fan. 

Proposition 2.2.6. Let X = ([J(Tj)/~ be an ideal stacky fan with cells ~} and inclusions of faces 
{L a }, and suppose we have an admissible G-action on X . Let {o~j}j£j be a set of G-orbit representatives. 
Then the stratified quotient X// G is an ideal stacky fan with cells {ojV^'j-jej, and the map X — > XjJ G 
is a morphism of ideal stacky fans. 

Proof. The only part of the first claim that needs checking is that the obvious map from YLjej( a j/ ~0 
to X is a bijection. It is a surjection since {cj} is a set of representatives; on the other hand, if the 
images of cr° and cr®, overlap, then some g £ G takes Uj to ay, so j = j' . 

To show that X — > Xjj G is a morphism, consider the following diagram of topological spaces. 



LI <*% — >■ II °j 



/{L a } 



/{L a oL g 



X ~ Xjj G 

The top map sends each cone <7, to its representative via a lattice-preserving linear map L g ^. The bottom 
map exists (and is continuous), and makes the square commute, because the left arrow is a quotient map. 
The maps L g j comprising the top arrow of the commmutative square also give precisely the condition 
that X — > X// G is a morphism of ideal stacky fans. □ 

A priori, the definition of a stratified quotient depends on the choice of the representatives for the G- 
orbits on E. However, we will prove next that this is not the case and therefore that the above definition 
is well-posed, not just at the level of topological spaces (see Proposition 12.2.81 but as ideal stacky fans. 

Proposition 2.2.7. The construction of Xjj G in Definition \2.2.J\ does not depend on our choice of 
representatives {o~j}j£j. More precisely, suppose that * s another choice of representatives such 

that a'j and o~j are G -equivalent for each j. Let X// G and X//G denote the respective corresponding 

ideal stacky fans. Then there is an isomorphism of stacky fans between X// G and Xjj G. 

Proof. For each j, choose gj € G with 

a i ■ 9j = °'y 

Then we obtain a map 
descending to a map 

xjj g — ► xjjc, 

and this map is an isomorphism of stacky fans, as evidenced by the inverse map X// G — > Xjj G 
constructed from the elements {gj 1 }jej- Q 

In fact, stratified quotients are global quotients. (By the global quotient X/G we just mean the set 
of G-orbits of X, endowed with the quotient topology.) 

Proposition 2.2.8. Let X — (]Jcj)/ ~ be an ideal stacky fan, and suppose we have an admissible 
G-action on X . Then we have a homeomorphism 

X/G S Xjj G. 

Proof. As usual, let L a denote the face inclusions of X , let L g ^ be the linear map induced on a cone 
(j, by g 6 G as in Definition 12.2.31 and let J denote a subcollection of cones that form a set of orbit 
representatives in the G-action on X. 

We have a surjective map n: ]J crj -» Ujgj- o~j sending each cone to its representative, and a section 
i: Yljej a j ^ Yl a i- The space X/G is obtained from ]J Ui by quotienting by the face inclusions L a 
to obtain X, and then taking the quotient of X by the action of G. The space X//G is obtained from 
LL e> 7 Cj by quotienting by maps of the form L a o L g ^. These maps are related by the diagram below, 
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and give rise to the maps / and g, depicted by dotted arrows, which make both the forward and the 
backward squares commute. 

LI ^ II °J 



/L a ,G 



/L a oL gti 



A (-/::::::::::::::::::::::::::•: .V G 

h 

Finally, from the fact that tt o i = id and ion sends a point to something in its G-orbit, we conclude 
that h o / = id and / o h = id. □ 

Corollary 2.2.9. Suppose that £ is a locally finite G '-admissible decomposition of X C 7, and let 
be the stacky fan structure on X (see Lemma \2.1.5\l . Then we have a homeomorphism 

X/G £ Xvl/G. 

In other words, for locally finite fans that are G-admissible decompositions, stratified quotients are global 
quotients. 

Proof. We have homeomorphisms X = X^ and X^/G = Xs//G by Lemma [2.1. 51 and Proposition ^. 2.81 

□ 

Remark 2.2.10. It follows from Proposition 12.2.81 that the stratified quotient X//G really is quotient 
objects with respect to G-equivalence in the category of ideal stacky fans, in the sense that any morphism 
X — >• Y that respects G-equivalence factors uniquely as a composite map X — > X//G — > Y of ideal stacky 
fans. 

The following is an immediate corollary of Proposition 12.1 .151 
Corollary 2.2.11. A stratified quotient is regular (hence Hausdorff). 

3. Tropical Teichmuller space 

The aim of the present section is to introduce two spaces: the pure tropical Teichmuller space, which 
we will denote by T g tr ' p , together with a closure of it, which we will call tropical Teichmuller space 
and denote by T g r ■ These spaces parametrize stable metric graphs (respectively stable metric weighted 
graphs) of genus g together with a hxed isomorphism of their fundamental group with the free group on 
g letters F g . 

The idea of considering spaces parametrizing stable metric graphs together with such a marking is 
well-known in geometric group theory and is due to Culler and Vogtmann, who introduced in jCV86j the 
space X g , now called Outer space, parametrizing such objects. There, the authors endow Outer space 
with a topology by embedding it in an infinite-dimensional vector space; they also consider its closure X g 
in this space. The outer automorphism group Out(F g ) of the free group F g acts properly discontinuously 
(hence with finite stabilizers) on X g by changing the marking. The approach of deducing cohomological 
information on the group Out(F g ) via its action on X g has been extremely fruitful; we refer the reader 
to |Vog02| and [Vog06 for a survey of the known results. 

The objects parametrized by our pure tropical Teichmuller space are essentially the same objects 
parametrized by Outer space, the only difference being one of convention: we do not normalize edge 
lengths as Culler and Vogtmann do. We do, however, endow T g tr ' p and T g tT with a topology in a different 
way: our strategy is to consider cells consisting of marked metric graphs (resp. marked weighted metric 
graphs) of the same topological type and glue them together in a similar way to what was done in 
BMVTTj in order to construct the moduli space of tropical curves. The resulting spaces are manifestly 
ideal stacky fans. In fact T g tr,p is homeomorphic to (non- normalized) Outer space (see Corollary 13. 2.3[) : 
in other words, the induced topology on Outer space coincides with the simplicial topology on it. On 
the other hand, the ideal stacky fan T g tT obtained from the simplicial structure on X g has a topology 
that is actually finer than the subspace topology on X g ; see Lemma T2.1. 51 

We have rechristened X g in this paper simply to emphasize that our reasons and context for studying 
it are quite different from the usual ones; and to emphasize that T g tr ' p is an object in the category of 
ideal stacky fans. We next describe the construction of T g tr ' p and of X g , following |Vog02| Part I]. 
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3.1. Pure tropical Teichmiiller space. Recall that given a graph T (possibly with loops or multiple 
edges), with vertex set V(T) and edge set E(T), the genus of V is g(T) := \E(T)\ - |V(r)| + 1; it is the 
dimension of the vector space generated by the cycles of T. The valence of a vertex v, val(v), is defined 
as the number of edges incident to v, with the usual convention that a loop around a vertex v counts 
twice. We say that a graph T is stable if any vertex of T has valence at least two. 

Definition 3.1.1. A metric graph is a graph L together with a length function / : E(T) — > R>o- The 
volume of a metric graph (r, I) is the sum of the lengths of the edges of T. We can regard (T, I) as a 
metric topological space. 

A pure tropical curve C of genus g is a metric graph (F, I) such that T is a stable graph of genus 
.</•:!•; .</• 

Pure tropical curves are special tropical curves, as we will see in Subsection 13.31 The term pure was 
introduced by L. Caporaso in |Capl2b| . 

Now fix a graph R g with one vertex v and g edges (a rose with g-petals) and identify the free group 
F g = F(x\, . . . , x g ) with 7Ti(i? g , v) in such a way that each generator Xi corresponds to a single oriented 
edge of R g . Under this identification, reduced words in F g correspond to reduced edge-path loops starting 
at the vertex v of R g , and therefore we will make no distinction between them. 

Definition 3.1.2. 

(i) Let r be a graph of genus g. A marking on T is a homotopy equivalence h : R g — > T. Here, T is 
viewed as a 1-complex, with a free fundamental group of rank g. We say that the pair (r, h) is a 
marked graph of genus g. We regard (T, h) and (P, h!) as equivalent if there is an isomorphism of 
1-complexes 7 : V — > V with h o 7 homotopic to h! . 

We are always interested in marked graphs only up to the above equivalence, but for simplicity 
will just say "marked graph" instead of "equivalence class of marked graphs" throughout. 

(ii) A marked metric graph (T, I, h) consists of a metric graph (T, I) together with a marking h : R g — > T 
of the underlying graph. We say that two marked metric graphs (r, I, h) and (V, V, h') are equivalent 
if there is an isometry 7 : (r, I) —> (L', I') with /107 homotopic to hi . Again, we will always consider 
marked metric graphs only up to equivalence in this section, and for simplicity we will write "marked 
metric graph" instead of "equivalence class of marked metric graphs." 

(iii) A marked pure tropical curve (C, h) — (T, I, h) of genus g is a pure tropical curve C = (P, I) of genus 
g together with a marking h : R g — > T of the underlying graph L, up to equivalence. The stable 
marked graph (r, h) is called the combinatorial type of the marked pure tropical curve. 

Our next goal is to define the pure tropical Teichmiiller space T} T ' P , a space that will parametrize 
marked pure tropical curves of genus g. We will show that it is an ideal stacky fan in Proposition 13.1.91 
We start by defining its cells. 

Definition 3.1.3. Given a stable marked graph (T,h) of genus g, fix a numbering on its set of edges 
E(T). Let C9 r h) := R^ (r)l be the open simplicial cone of Rl E ( r )l, and write C {r j l} = JR|f (r)l for its 
closure. 

So, for example, graphs with k edges correspond to cones of dimension k, and an Euler characteristic 
argument shows that all cones have dimension at most 3g — 3. 

Remark 3.1.4. The points of C° r h ^ are in bijection with (equivalence classes of) marked metric graphs 

(T,l,h) for some length function I, or in other words with pure tropical curves whose underlying com- 

l e ( r") 

binatorial type is (T,h). Indeed, a point in M^q determines a length function I: E(T) — > K>o- If 
I' — I o p is another length function, where p: E(T) — > E(T) is a permutation induced by a nontrivial 
isometry ip, then the marking ipoh must be different from h; for since F is not homeomorphic to a circle, 
if) cannot fix every loop of F. 

The pure tropical Teichmiiller space will be obtained by gluing certain partial closures C(r,/i) of C|* r ^ 
along ideal faces corresponding to specializations of (r, h), as we are now going to define. 

3.1.1. Specializations of marked graphs. 

Definition 3.1.5. Let (F, h) and (r', h') be two marked graphs of the same genus g. We say that (r, h) 
specializes to (L', h'), and we write (F, h) ~> (L', h 1 ), if there is a surjective morphism of graphs 7r : T — >• V 
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Figure 2. Two specializations of a graph V of genus 3. Denote by e the reversal of the 
directed edge e. Suppose the marking of V sends the three loops of R3 to ab, cb, and ded, 
respectively. Then the marking specializes, on the left, to (ab,cb,e) and, on the right, 
to (b,cb,ded). 

induced by contracting an acyclic subgraph of T making the following diagram homotopy commutative. 




r 

Note that if (T, h) (V , h!) and T is stable then also V is stable. 

Definition 3.1.6. Let (T,h) be a stable marked graph of genus g. Given a subset S C E(T), let F$ 
denote the face of C(r,?i) corresponding to those length functions I : E(T) — > K> that are zero on all edges 
in S. Then define C(r,/i) to be the ideal cone obtained from C(r,/i) by removing those faces corresponding 
to sets S C E(T) containing a cycle. 

Thus, the nonempty faces of C(r,h) correspond to (equivalence classes of) specializations of (T,h). 
Indeed, a specialization (r, h) (T',h') yields an obvious inclusion t: E(T') — > E(T) that induces, in 
turn, a lattice-preserving linear map L L : Ci T i C( T .h) sending C^'.h') to a face of C(r,h)- Using these 
linear maps, given a stable marked graph (T, h), we have a natural identification of sets 

(r,h)~>(r',h') 

where the union runs over all equivalence classes of stable marked graphs of genus g which are obtained 
as specializations of (r, h). Summarizing, we have: 

Lemma 3.1.7. Let (T, h) be a stable marked graph of genus g. Then the faces of C(r,h) are * n bijective 
correspondence with ideal cones C(-p'.h')? where (V, h!) is a stable marked weighted graph of genus g such 
that (T,h) ^ (T',h'). The identification is given by a lattice-preserving linear map L L : C(r\h') ^ C(r,h) 
sending C^'.h') to a face ofC(r,h)- 

3.1.2. The topology underlying pure tropical Teichmuller space. We are now ready to define the pure 
tropical Teichmuller space Tg T,p - 

Definition 3.1.8. The pure tropical Teichmuller space of genus g is the topological space (with respect 
to the quotient topology) 

V"' P ■■= (U C (rV0)/« 

where the disjoint union (endowed with the disjoint union topology) runs through all equivalence classes 
of stable marked graphs (r, h) of genus g and w is the equivalence relation generated by the lattice- 
preserving linear maps L u . 

Proposition 3.1.9. The topological space T g tr ' p is an ideal stacky fan with cells C® T h y It parametrizes 
marked pure tropical curves of genus g. 

Proof. To prove the first sentence, we only need to prove that the map 
(3-2) II^r lh )^(lI C (r,fc))/« 
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is bijective, where the disjoint unions run through all stable marked graphs (r, h) of genus g; then the 
rest follows from the definition of T g trp . It is injective because the linear maps in Lemma [3.1.71 never 
identify two different points in the relative interiors of cones. It is surjective by (|3.ip . Finally, from 
the bijection (|3.2j) and Remark 13.1.41 it follows that T^ r ' p parametrizes marked pure tropical curves of 
genus g. □ 

3.2. Homeomorphism with Outer space. As mentioned above, for a fixed genus g, the pure tropical 
Teichmiiller space 7~ g r ' p and Culler- Vogtmann's Outer space X g parametrize the same objects, provided 
that we do not normalize the volume of the metric graphs as in [CV86] . We now recall the definition 
oiX g . 

Let (r, I) be a metric graph; we will often write T for short, and regard T as a metric space just as in 
Definition (3TTTT1 A loop in T is the image of a map S 1 — > T. It is immersed if it is a local homeomorphism 
onto its image. The length of an immersed loop a is the sum of the lengths of the edges it traverses, 
counted with multiplicity. The length of a non-immersed loop a is defined to be the length of the unique 
up to homotopy immersed loop homotopic to a. 

Recall that F g denotes the free group on g letters, the graph R g denotes the rose with g petals, and 
that we fix an identification between F g and ni(R g ,v), where v is the unique vertex of R g . So a word 
w G F g determines, up to homotopy, a loop \(w) in R g ; furthermore, two words determine the same 
loop, again up to homotopy, if and only if they are in the same conjugacy class. 

Let C denote the set of conjugacy classes of words in F g . Then any marked metric graph (T, I, h) of 
genus g determines a real valued function hc{T,l,h) on C which assigns to each word w the length of 
the unique immersed loop in (T,l) which is homotopic to h(X(w)). As noted above, the definition of 
/ic(F, I, h) does not depend on the equivalence class of w. 

Fact - Definition 3.2.1. |CV86j Outer space X g is defined to be the set of equivalence classes of stable 
marked metric graphs (T,l,h). The map he - X g — > Mr defined above is an injection by [CM87] ■ and we 
equip X g C Mr with the subspace topology. X g has a natural decomposition into a disjoint union of open 
simplicial cones consisting of equivalence classes of marked metric graphs having the same combinatorial 
type. 

Notice that since we do not normalize the volume of the graphs as Culler and Vogtmann do, we get 
an embedding of X g in R c rather than in RP C as in [CM87] , and we get that X g is a union of simplicial 
cones as opposed to simplices. 

The following fact is "folklore" in geometric group theory. A proof appears in |CL07j ; in fact the 
result there pertains to a wider class of deformation spaces. 

Proposition 3.2.2. [GL07, Proposition 5.4] The subspace topology on Outer space coincides with the 
simplicial topology ( obtained from gluing together the above simplicial cones along shared boundaries.) 

As an immediate corollary, we have: 

Corollary 3.2.3. The pure tropical Teichmiiller space T g tr ' p ', with topology described in Definition \3.1.8l 
is homeomorphic to Outer space X g , with the subspace topology. 

Remark 3.2.4. Note that X g itself can be regarded as the support of an ideal fan £ = {<7i} whose cones 
are in bijection with stable marked graphs of genus g |C V86| . As described in Remark 12.1.111 we may 
therefore associate an ideal stacky fan X g ^ to X g : roughly speaking, we pull the space apart into its 
ideal cones, impose a lattice on each cone separately, and then reglue. Corollary 13.2.31 then implies that 
A 9 .s and 7^ r ' p are isomorphic ideal stacky fans. 

3.3. Tropical Teichmiiller space. Having constructed 7^ r ' p , we will now construct a space, which we 
call tropical Teichmiiller space and denote by T g tr , by replacing the ideal cones in 7^ r,p with closed cones. 
Roughly speaking, we allow edge lengths to go to zero; we then have to do a little work to define a 
marking on such a "pseudo-metric" graph and when two markings should be considered the same. 

Definition 3.3.1. A weighted graph is a pair (T, w) consisting of a graph T and a function w : V(T) — > 
Z>o, called the weight function. A weighted graph is called stable if any vertex v of weight zero (i.e. 
such that w(v) = 0) has valence val(w) > 3. The total weight of (r, w) is 

\w\ := w ( w )> 
«ev(r) 
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and the genus of (T,w) is denned to be 



g(T,w) :=g(r) + \w\. 
We will denote by the identically zero weight function. 

Definition 3.3.2. A tropical curve of genus g is a triple (r, w, I), where (r, w) is a stable weighted graph 
of genus g and I : E(T) —> ]R>o is a length function on the edges of L. 

Note that pure tropical curves in the sense of Definition 13.1.11 are exactly the tropical curves with 
total weight zero. 

In order to endow weighted graphs with a marking, we will use the strategy of A. Omini and L. 
Caporaso in [AC 12] that treats a weight of w > at a vertex as a bouquet of w loops attached to that 
vertex. 

Definition 3.3.3. Let (T,w) be a weighted graph. Then the virtual graph of (L,u>) is the graph T w 
obtained from T by attaching to every vertex v exactly w(v) loops, which will be called the virtual loops 

ofr w . 

Definition 3.3.4. A pseudo-metric graph is a pair (T, I) where L is a graph and I : E(T) — > R>o is a 
length function on the edges which is allowed to vanish only on loop edges of L. A pseudo-metric graph 
(r, I) is said to be stable if the underlying graph T is stable. 

Given a tropical curve (T,w,l), we associate to it the pseudo-metric graph (T w ,l w ), where l w is the 
length function obtained by extending I to be equal to on the virtual loops of T w . 

Notice that the virtual graph T w is an unweighted graph of the same genus as (T,w), so the correspon- 
dence above gives a bijection between tropical curves and stable pseudo-metric graphs of fixed genus. 

Definition 3.3.5. Let (r, w) be a weighted graph of genus g. Then a marking on (T,w) is a marking 
on T w , that is, a homotopy equivalence h: R g — > T w . 

We will shortly define two markings of weighted graphs to be equivalent if, roughly speaking, they are 
the same up to homotopy and up to interchanging sequences of virtual loops based at the same vertex. 
To make this definition precise requires some notation, as follows. 

Recall that R g is the graph consisting of g loops 71, . . . ,7 g at a vertex v, and let h: R g — > L be any 
map. By moving the image of v appropriately and then "pulling tight" along each 7,, we see that h is 
homotopic to some h: R g — » T that sends v to a nonvertex of L (any point of T of zero weight will do) 
and furthermore immerses the interior of each 7$ . 

Definition 3.3.6. Two markings h, h' : R g — > T w of (L, w) are equivalent if, after homotoping h and h', 
we have 

(i) h(v) = h'(v) is a nonvertex of T, 

(ii) h and h' are immersions on the interiors of each 7$, and 

(iii) for each i — l,...,g, the directed loop h'i^i) is obtained, up to homotopy fixing the basepoint, 
from the directed loop h("/i) by repeatedly replacing sequences of virtual loops at a vertex with 
other sequences of virtual loops at that vertex. (These sequences of virtual loops are allowed to be 
empty: in other words, one may add or remove virtual loops at a vertex.) 

Two marked weighted graphs (T,w,h) and (T',w',h') are equivalent if there is an isomorphism T w — > 
(T / ) w of 1-complexes that takes virtual loops to virtual loops and sends h into the equivalence class 
of h' . Two marked metric weighted graphs (r, w, I, h) and (r', w' , I', h!) are equivalent if the underlying 
marked weighted graphs (T,w,h) and (I" ,w' ,h') are equivalent via an isomorphism that respects the 
length function I on the edges of T. 

As in the previous section, we are interested in marked weighted graphs (resp. marked metric weighted 
graphs) up to equivalence, and will often drop the phrase "equivalence class of" for simplicity. 

Remark 3.3.7. The reason for conditions (i) and (ii) above is to prohibit adding a virtual loop at a vertex 
v to a path that passes through v and then immediately backtracks; roughly speaking, this is because 
such a path can be homotoped to one that does not backtrack through v, but a path that uses a virtual 
loop at v cannot be homotoped in that way. 

We can now define marked tropical curves. 
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Definition 3.3.8. A marked tropical curve (C, h) of genus g is a tropical curve C — (T, w, I) of genus g 
together with a marking h : R g —> T w of the underlying weighted graph (r, w), up to equivalence. 

Given a marked tropical curve (C,h) = (T,w,l,h), we call the marked weighted graph (T,w,h) the 
combinatorial type of the tropical curve. 

Definition 3.3.9. Given a stable marked weighted graph (T, w, h) of genus g, fix a numbering on its set 
of edges E(T). Write 

for the open and closed simplicial cones, respectively, in R^ 1 ^. 

Lemma 3.3.10. Let (T,w,h) be (an equivalence class of) a stable marked weighted graph. Then the 
points of C° r w h j are in bisection with the set of (equivalence classes of) marked metric weighted graphs 
(T,w,l,h) for some length function I, or in other words with marked tropical curves of combinatorial 
type (r, w, h). 

Proof. The argument is just a slight strengthening of Remark 13.1.41 A point in R> determines 
a length function I: E(T) — > M>o- Suppose i/j is a nontrivial isometry of (r, /,«;). That is, tp is an 
isomorphism of T w restricting to an isomorphism of F that respects I and w, such that the induced 
permutation p: E(T) —> E(T) is nontrivial. We want to show that iph is not equivalent to h. 

Just as in Remark 13 .1.41 if ip moves some loop in T to a nonhomotopic loop, we are done. So we may 
assume ip fixes every loop in T. Furthermore, if) must fix every vertex of positive weight, otherwise iph 
would differ from h on the virtual loops. Then ip restricts to the identity on T, contradiction. □ 

Generalizing Definition l3.1.5[ we now introduce specializations of weighted graphs and marked weighted 
graphs. 

Definition 3.3.11. Let (F, w) and (r', w') be weighted graphs. We say that (r, w) specializes to (V, w'), 
and we write (T, w) (V, w'), if T' is obtained from T by collapsing some of its edges and if the weight 
function of the specialized curve changes according to the following rule: if we contract a loop e around 
a vertex v then we increase the weight of v by one; if we contract an edge e between two distinct vertices 
V\ and v% then we obtain a new vertex with weight equal to w{y\) + w(v-z). 

Note that if (F, w) ^ (V, w r ) then (r, w) and (r', w') have the same genus; if moreover (T, w) is stable 
then (T',w') is stable. 

Definition 3.3.12. Let (T, w, h) be a marked weighted graph. Consider a specialization (r, w) ~~> (V , w') 
and call S C E(T) the subset consisting of the edges of T that are contracted in order to obtain T'. Now 
pick any spanning forest of S and contract the edges in it. This operation yields a marking h! on (T') w 
since it contracts no cycles. Picking a different spanning forest produces an equivalent marking, so we 
have a marked weighted graph (V, w',h') that is well-defined up to equivalence. We say that (V, w' ,h') 
is a specialization of (r, w, h) in this situation and we write (r, w, h) (r', w' , h') 

Just as in £13-11 a specialization (T,w,h) ~> (T',w',h') yields an obvious inclusion l: E(T') — > E(T) 
that induces, in turn, a lattice-preserving linear map L L : Crp^w^h') C(v,w,h) sending Crp^w^h') to a 
face of C(r,«j,fc)' Using these linear maps, given a stable marked weighted graph (T,w,h), we have a 
natural identification of sets 

( 3 - 3 ) c (r,w,h) = ]_[ c {r',w',h')> 

(r,w,h)~*(r',w',h') 

Summarizing, we have: 

Lemma 3.3.13. Let (T,w,h) be (an equivalence class of) a stable marked weighted graph of genus 
g. Then the faces ofC^,w,h) i- n bijective correspondence with cones C(r',w',h'), where (T", w', h!) is a 
specialization of (T, w, h) . The identification is given by the lattice-preserving linear map L L : C rpi >w i ^ <—} 
C(r,w,h)- 

Definition 3.3.14. The tropical Teichmiiller space of genus g is the topological space (with respect to 
the quotient topology) 

v r --= (II*W))/« 

where the disjoint union (endowed with the disjoint union topology) runs over all stable marked weighted 
graphs (r, w, h) of genus g, and ~ is the equivalence relation generated by the lattice-preserving linear 
maps L L . 
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Proposition 3.3.15. The topological space T g tr is a stacky fan with cells C° r w h y It parametrizes marked 
tropical curves (T, w, I, h) of genus g. 

Proof. The proof is analogous to the one for Proposition 13. 1 .51 For the first part, we only need to prove 
that the map 

( 3 - 4 ) II C (°r,^)^ 



is bijective. It is injective because the linear maps in Lemma 13.3.131 never identify two different points in 
the relative interiors of cones. It is surjective by f|3 . 3f) . Finally, from the bijection (|3.4p and Lemma r3.3.10l 
it follows that T g tT parametrizes marked tropical curves of genus g. □ 

3.4. Action of outer automorphism group on Outer Space. The group 

Out(F 9 )=Aut(F 9 )/Inn(^) 

acts on X g by changing the markings. More precisely, given a G Aut(F g ), consider its geometric realiza- 
tion afj ; : R g —> R g , i.e. the homeomorphism, unique up to homotopy, that fixes the vertex v of R g and 
such that the induced automorphism («_;?)* : F g = n\(R g ,v) — > ■Kx(R g ,v) = F g is equal to a G Aut(F g ). 
Then define (r, l,h) ■ a — (T, I, h o an). It is easy to see that this action is well defined and that inner 
automorphisms act trivially, so we get an action from Out(F 9 ) on X g . We may equally well view this 
as an action on 7^ r ' p , since 7^ r ' p = X g by Corollarv l3.2.3l Note that the stabilizer of any marked graph 
(r, /, h) is equal to the group of isometries of (r, I), and thus it is finite. 

The action of Out(F g ) on T g tr ' p extends to an action of Out(F 9 ) on 7^ r , again by changing the marking. 

Proposition 3.4.1. The Out(F g )- actions on T g tr ' p and T g tr are admissible with respect to the ideal stacky 
fan structures of the latter spaces, in the sense of Definition \2.273[ 

Proof. The action of a £ Out(F g ) preserves the tropical curve underlying the marked tropical curve, so in 
each case, each cone C(y,w,K) 01 T g tv ' p is mapped to some cone C(r,tt),/t') y i a a map that is clearly a lattice- 
preserving isomorphism (and similarly for the cones in T g tr .) Thus the conditions of Definition 12.2.31 are 
satisfied. □ 

4. Moduli space of tropical curves 

The moduli space M* r of tropical curves of genus g was first constructed in [BMVllj (see also |Capl2b| 
and |Chal2j ). We start by reviewing this construction, adapting it to the new definition 12 .1.71 of stacky 
fans, which is slightly different from the definitions of stacky fans given in [BMVll] and |Chal2j (see 
however Remark l2.1.9[) . We also introduce the open subspace M* r ' p C M* r parametrizing pure tropical 
curves of genus g and show that it is an ideal stacky fan. 

Definition 4.0.2. Given a stable weighted graph (r,w) of genus g, fix a numbering on its set of edges 
E(T). Write 

L (r,w) ■- K >0 ancl L (T,w) ■— ^> 

for the open and closed simplicial cones, respectively, in Rl B ( r )l. 

Let (r, w) be a stable, weighted graph and let Aut(T, w) be its automorphism group. Then Aut(r, w) 
acts on C® r w ^ and on its closure C(r,u;) by permuting coordinates. 

Remark 4.0.3. The points of C? V w J Aut(I\ w) are in bijection with the set of tropical curves of combi- 
natorial type (r, u>), i.e. tropical curves of the form (r, w, I) for some length function I. 

Remark 4.0.4. For each a G Aut(r, u>), denote by L a : C(r,tu) C(r,w) the induced lattice-preserving 
linear map. Note that the points of C? r w s/ Aut(r, w) are in bijection with the points in the quotient 
C^p ~, where ~ is the equivalence relation generated by the lattice preserving linear maps L a \ c o^ ^ , 
a G Aut(r, w). 

Let now (r, w) (J", w') be a specialization of weighted graphs as defined in Definition 13.3. Ill As in 
M3 . 31 a specialization (r, w) (V, w') yields an obvious inclusion t: E(V) —> E(T) that induces, in turn, 
a lattice-preserving linear map L L : C(r',w') ^ C(r,w) sending Ca*r >w n to a face of C(r iW y Analogously to 
p.3|) . using these linear maps, given a stable weighted graph (T,w), we have a natural identification of 
sets 

(4-1) C(i»= [I C° rw) , 

(r,w)~^(r',io') 
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Similarly to Lemma 13. 3.13[ we have the following 



Lemma 4.0.5. Let (T,w) be a stable graph of genus g. Then the faces ofC^,w) ar £ w bijective corre- 
spondence with the cones C(y> w >), where (T',w') is a specialization of(T,w). The identification is given 
by the lattice-preserving linear map L L : Crpt jW i-\ <->■ C(r,u>)- 

Definition 4.0.6. The moduli space of tropical curves of genus g is the topological space (with respect 
to the quotient topology) 

K ■= (IPO))/" 

where the disjoint union (endowed with the disjoint union topology) runs over all stable weighted graphs 
(r, w) of genus <?, and rs is the equivalence relation generated by the lattice-preserving linear maps L L 
and L a . 

Let r be a stable graph of genus g, which can view as the stable weighted graph (r, 0) with zero weight 
function. Denote by Cr the ideal subcone of Cr := C(r,o) whose ideal faces correspond (via Lemma l4.0.5[) 
to the specializations (r,0) ~+ (r',0) such that the weight function remains identically zero. In other 
words, the points of Cr correspond to pure tropical curves whose combinatorial type is a specialization 
of r. Clearly Cr contains the open cone Cp 1 := C° r y 

Definition 4.0.7. The moduli space of pure tropical curves of genus g is the topological space (with 
respect to the quotient topology) 

M T P ■= (II C r)/ « 

where the disjoint union (endowed with the disjoint union topology) runs over all stable graphs T of 
genus g, and s» is the equivalence relation generated by the lattice-preserving linear maps L b and L a . 

Proposition 4.0.8. The topological space M* r (resp. Mg T,p ) is a stacky fan (resp. an ideal stacky 
fan) with cells C? r ~ (resp. Cp/^j as (F, w) (resp. T) runs over all stable weighted graphs (T, w) 
(resp. stable graphs T) of genus g. It parametrizes tropical curves (T,w,l) (resp. pure tropical curves 
(r, 0/* of genus g. 

Proof. We will prove the statement for M* r , the case of Mg r ' p being analogous. For the first part we 
only need to prove that 

(4-2) II(C( r, w )/~)^(lIC ( r >w ))/« 

is bijective, where the disjoint union runs over all stable weighted graphs (r, w) of genus g; then the rest 
follows from the definition of M^ T . 

The map (|4.2p is surjective by (|4.1I) . In order to prove that it is injective, consider two points x 
and y lying in C° r w ^ and C° r , w ,s, respectively. Then, since the maps L L associated to specializations of 
weighted graphs never identify two different points in the relative interior of cones, x and y are identified 
in (]JC(r.u))) / ~ if and only if (r, to) = (T',w') and there is a € Aut(r,u>) such that L a (x) = y. The 
injectivity of (|4.2I) now follows from Remark 14.0.41 

Finally, combining the bijection (|4.2I) with Remarks 14.0.31 and 14.0.41 it follows that M* r parametrizes 
tropical curves of genus g. □ 

Recall that the outer automorphism group Out(F ff ) acts on 7^ r ' p and on T g tr by changing the markings 
(see ij3.4l) and that the action is admissible with respect to their ideal stacky fan structures (see Propo- 
sition [HXI|) . We can then form the stratified quotients of T g tr ' p // Out(F ff ) and Tg 1 // Out(F g ) which, by 
Proposition 12.2.61 are again ideal stacky fans endowed with a map of ideal stacky fans from 7^ r,p and 
T^ 1 , respectively. The next result shows that these stratified quotients are isomorphic, as ideal stacky 
fans, to Mg 1,p and Mg r , respectively. 

Proposition 4.0.9. The moduli space of pure tropical curves (resp. tropical curves) Mg' p (resp. Mg r ) 
is the stratified quotient, hence global quotient, of T g tr,p (resp. T g tr ) modulo the action ofOut(F g ). 

Proof. We will again prove the statement only for M* r , since the case of M* r,p is analogous. Note 
that the cones of T g tr fall into orbits under the admissible action of Out(F s ) precisely according to the 
isomorphism type of (T,w), since the Out(F g ) acts transitively on the markings of a weighted graph 
(T,w). So the cells of T g tr // Out(F g ) are indeed of the form C(r, w ) a s (r, w) ranges over combinatorial 
types of genus g tropical curves. 
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Next, the linear maps in Definition 12.2.41 along which the cones C^ tW \ are glued, are of the form 

C(T',w',h>) ► C(r',w',h") ' ► C(F,w,h)> 

where the first map, induced by an Out(-Fg)-action as in Proposition ^. 4.11 changes the marking, and the 
second map, induced by a specialization as in Lemma 13.3.131 is an inclusion of faces. It follows that for 
every isomorphism (r', w') with a specialization of (T, w), we obtain a gluing map Cr^i tW n <-t C/-p tW \, and 
furthermore, all gluing maps in the stratified quotient are of this form. Such maps correspond precisely 
to specializations of weighted graphs and to automorphisms of weighted graphs: the former occur when 
the inclusion C(r' >W ',h") c — ^ C(r,w,fc) of faces in the composition above is proper, while the latter occur 
when the inclusion is non-proper, that is, bijective. 

□ 

Corollary 4.0.10. We have a homeomorphism 
Proof. Combine Proposition 14.0.91 with Corollary 13.2.31 

□ 

5. Tropical Siegel space and moduli space of tropical abelian varieties 

The aim of this section is to introduce the moduli space of tropical abelian varieties and a cover of it, 
which wc call the tropical Siegel space, parametrizing marked tropical abelian varieties. Our construction 
will depend upon the choice of an admissible decomposition of the cone of positive definite quadratic 
forms, which we now review. Our treatment of this and of several other important definitions in this 
section follows |BMVllj . 

5.1. Admissible decompositions. We denote by KV = ) the vector space of quadratic forms in M. 9 
(identified with g x g symmetric matrices with coefficients in K) and by il g the cone in R^ 2 ) of positive 
definite quadratic forms. The closure fl g of fl g inside k( 9 2 ) is the cone of positive semi-definite quadratic 
forms. We will be working with a partial closure of the cone f2 s inside Cl g , the so called rational closure 
of Q g (see jNamSOl Sec. 8]). 

Definition 5.1.1. A positive definite quadratic form Q is said to be rational if the null space Null(Q) 
of Q (i.e. the biggest subvector space V of K 9 such that Q restricted to V is identically zero) admits a 
basis with elements in Q s . 

We will denote by the cone of rational positive semi-definite quadratic forms. 

The group GL ff (Z) acts on the vector space of quadratic forms via the usual law h-Q :— hQh 1 , 

where ft G GL S (Z) and ft* is the transpose matrix. Clearly, the cones £l g and fl T g are preserved by the 
action of GL S (Z). 

Remark 5.1.2. It is well-known (see |Nam80, Sec. 8]) that a positive semi-definite quadratic form Q in 
M. 9 belongs to if and only if there exists ft € GL g (Z) such that 

for some positive definite quadratic form Q' in M. 9 , with < g' < g. 

The cones f2 g and its rational closure Q^* are not polyhedral. However they can be subdivided into 
rational polyhedral subcones in a nice way, as in the following definition (sec Nam80, Lemma 8.3]). 

Definition 5.1.3. An admissible decomposition of f2^ is a collection £ = {a^} of rational polyhedral 
cones of fijj* such that: 

(i) If a is a face of ct m £ £ then a e £; 

(ii) The intersection of two cones and a v of £ is a face of both cones; 

(iii) If cr M e £ and h e GL g (Z) then h ■ ■ ft* e £. 

(iv) #{(7^ G £ mod GL g (Z)} is finite; 

(v) u CTfieE( 7 M = 

We say that two cones ct^ov € £ are equivalent if they are conjugated by an element of GL S (Z). We 
denote by £/ GL g (Z) the finite set of equivalence classes of cones in £. Given a cone E £, we denote 
by [<7 M ] the equivalence class containing er M . 
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Definition 5.1.4. Let £ = {07,} be an admissible decomposition of f2**. Define £| 0g to be the restriction 
of E to fig, i.e., 

^|n g := {^g fl <t m : (7,, 6 S and the intersection is non-empty}. 
It is clear from the definition that U^gs^ = Q g . 

Proposition 5.1.5. Let £ be an admissible decomposition of f2 g * as in Definition \5.1.3\ Then £ 
(resp. S|f2 g j is a GL g (Z)- admissible decomposition of f2 g * (resp. VL g ) in the sense of Definition \2.SA\ 

Proof. Let us first prove the statement for £. The fact that £ is a (rational polyhedral) fan with support 
equal to i¥ g together with the fact that the action of GL g (Z) on fi g * permutes the cones of E follows 
from Definition 15.1.31 In order to prove that E is a GL g (Z)-admissible decomposition of f2 g * , it remains 
to check that the maps induced by the action of an element of GL g (Z) on the cones of E are linear and 
lattice-preserving. In fact, given h £ GL g (Z) and a cone a £ E, then h induces a linear isomorphism 
between a and h ■ a = a 1 for some a 1 £ E. Moreover, a positive semi-definite matrix A £ a is such that 
h ■ A = hAh 1 e z( 3 ^) if and only if A £ z( 9 ^) and the result follows. 

Let us now prove the statement for E|q b . We begin by showing that f2 g * \ f2 g is a union of cones of E. 
Let A £ fi g ' \ fig and assume that A lies in the relative interior of a cone a. It suffices to show that the 
whole cone a is contained in fi g \ il g . Suppose that a is generated by matrices Ai,...,Ak £ fi g - Since 
A £ f2 g ' \ fi g then there exists x £ 1" such that xAx 1 = 0. Since A can be written as a strictly positive 
linear combination of all the Ai's (because it is in the relative interior of a), then we have that xAiX 1 — 
for i = 1, . . . , k. This implies that any element B £ a satisfies xBx 1 — 0, hence that a £ f2 g * \ 51 g , as 
required. We deduce that E|q s is the (rational polyhedral) ideal fan obtained from E from removing the 
cones which are entirely contained in O^* \ fl g . It is clear that the support of £|n s is equal to fi g . The 
fact that E|q is a GL g (Z)-admissible decomposition of f2 g follows now from the analogous fact for E 
together with the fact that the action of GL S (Z) on f2^ preserves fi 9 (see Remark I5.1.2p . 

□ 

The following result will be very useful in what follows. 

Lemma 5.1.6. For any admissible decomposition E of VL 1 * , the restriction E|Q g is a locally finite ideal 
fan. 

Proof. Let ie!l 9 and consider a closed polyhedral subcone Cc!l 9 containing x in its interior (clearly 
there are plenty of such subcones). Take now any cone ct m £ E. From the classical theory of Siegel sets 
(see |AMRT751 Chap. II.4]), it follows that the set 

:= {h £ GL g (Z) : h ■ n C ^ 0} C GL g (Z) 

is finite (see |AMRT75l Corollary at page 116]). Using this and the fact that there are only finitely many 
GL g (Z)-equivalence classes of cones of E (see Definition l5.1.3[) . we conclude that 

#{a M £ E : ct p n C ^ 0} < 00. 

This shows that Sin is a locally finite ideal fan with support equal to Q g . 

□ 

5.2. Examples of admissible decompositions. A priori, there could exist infinitely many admissible 
decompositions of fi g *. However, as far as we know, only three admissible decompositions are known for 
every integer g (see [Nam80, Chap. 8] and the references therein), namely: 

(i) The perfect cone decomposition (also known as the first Voronoi decomposition), which was first 
introduced in |Vorl908| ; 

(ii) The 2nd Voronoi decomposition (also known as the L-type decomposition), which was first intro- 
duced in |Vorl908j : 

(iii) The central cone decomposition, which was introduced in |Koe60] . 

Each of them plays a significant (and different) role in the theory of the toroidal compactifications of the 
moduli space of principally polarized abelian varieties (see |Igu67| , |Ale02] . [S-B06] ). 

Example 5.2.1. If g = 2 then all the above three admissible decompositions coincide. In Figure [3] we 
illustrate a section of the 3-dimensional cone Q^*, where we represent just some of the infinite cones of the 
admissible decompositions. Note that, for g — 2, there is only one GL g (Z)-equivalence class of maximal 
dimensional cones, namely the principal cone CTp rin (see INam801 Sec. (8.10)]). 
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Figure 3. A section of 0$ and its admissible decomposition. In this case, the perfect 
cone decomposition, 2nd Voronoi decomposition, and central cone decomposition are all 
the same. 



In this paper, we will consider the perfect cone decomposition and the 2nd Voronoi decomposition 
since these behave well with respect to the period mapping (see Section . 



5.2.1. The perfect cone decomposition Sp. 

In this subsection, we review the definition and the main properties of the perfect cone admissible 
decomposition (see |Vorl908j for more details and proofs, or |Nam80[ Sec. (8.8)] for a summary). 

Consider the function fi : Q g —> R>o defined by 

H(Q):= min Q(£). 

It can be checked that, for any Q S f2 g , the set 

M(Q) := U 6 Z 9 : Q(0 = MQ)} 

is finite and non-empty. For any £ 6 M(Q), consider the rank one quadratic form * € O^. We denote 
by <j[Q] the rational polyhedral subcone of fi^* given by the convex hull of the rank one forms obtained 
from elements of M(Q), i.e. 

One of the main results of |Vorl908] is the following 

Fact 5.2.2 (Voronoi). The set of cones 

E P := {a[Q] : Q E fl g } U {0} 

yields an admissible decomposition of fi* , known as the perfect cone decomposition. 

The quadratic forms Q such that o~[Q] has maximal dimension are called perfect, hence the 

name of this admissible decomposition. The interested reader is referred to [Mar03] for more details on 
perfect forms. 



1 -1 
v -l 1 

= ( n n ) ' ^ 23 = ( n ? ) • Then, up to GL g (Z)-equivalence, an easy computation shows that the 



Example 5.2.3. Let us compute Sp in the case g = 2 (compare with Figure[3]). Let R\2 = 

f \ (A (0 

oj'^ 23 lo 1 
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unique non-zero cones in Ep are 



1 1/2 
1/2 1 

1 A 
A 1 

1 A 

A [A 



= R>o(i?l2, -Rl3, R23) 
->o(-Rl3) R23) ~ 



a + c —c 
— c b + c 



a 
b 



(R13) = 



a 




a, b, c > j , 
: a,b > Oj for any - 1/2 < A < 1/2, 
a > > for any /i > max{l, A 2 , ±2A}. 



5.2.2. The 2nd Voronoi decomposition Ey. 

In this subsection, we review the definition and main properties of the 2nd Voronoi admissible decom- 
position (see jVorl908 , |Nam80j Chap. 9(A)] or |Val031 Chap. 2] for more details and proofs). 

The Voronoi decomposition is based on the Delone subdivision Del(Q) associated to a quadratic form 

Q e 

Definition 5.2.4. Given Q € £V£, consider the map Iq : Z 9 -> Z 9 x R sending x G Z 9 to (x,Q(x)). 
View the image of Iq as an infinite set of points in ]R 9+1 , one above each point in Z 9 , and consider 
the convex hull of these points. The lower faces of the convex hull can now be projected to M 9 by the 
map 7r : M. 9+1 M. 9 that forgets the last coordinate. This produces an infinite Z 9 -periodic polyhedral 
subdivision of M. 9 , called the Delone subdivision of Q and denoted Del(Q). 

It can be checked that if Q has rank g' with < g' < g then Del(Q) is a subdivision consisting of 
polyhedra such that the maximal linear subspace contained in them has dimension g — g' ' . In particular, 
Q is positive definite if and only if Del(Q) is made of polytopes, i.e. bounded polyhedra. 

Now, we group together quadratic forms in 0™ according to the Delone subdivisions that they yield. 

Definition 5.2.5. Given a Delone subdivision D (induced by some Qo G ^g), let 

a° D = {Q E : Del(Q) = £>}. 

It can be checked that the set a° D is a relatively open (i.e. open in its linear span) rational polyhedral 
cone in Q**. Let o\d denote the Euclidean closure of a° D in rC ' 2 ), so <jd is a closed rational polyhedral 
cone and o~° D is its relative interior. We call o~d the secondary cone of D. 

Now, the action of the group GL g (Z) on M. 9 induces an action of GL g (Z) on the set of Delone 
subdivisions: given a Delone subdivision D and an element h 6 GL 9 (Z), denote by h ■ D the Delone 
subdivision given by the action of /i on D. Moreover, GL ff (Z) acts naturally on the set of secondary 
cones {<td : D is a Delone subdivision of M 9 } in such a way that 

h- a D :— {hQh 1 : Q G a D } = a h . D . 

Another of the main results of |Vorl908] is the following 

Fact 5.2.6 (Voronoi). The set oj secondary cones 

Ey := {c_d : D is a Delone subdivision 0/R 9 } 

yields an admissible decomposition of Qg , known as the second Voronoi decomposition. 

The cones of Ey having maximal dimension are those of the form ar> for D a Delone subdivision 

which is a triangulation, i.e. such that D consists only of simplices (see |Val031 Sec. 2.4]). We refer 
the reader to |MV12j for a comparison between the 2nd Voronoi decomposition Ey and the perfect 
decomposition Ep. 

Example 5.2.7. Let us compute Ey in the case g = 2 (compare with Figure [3] and with Example 
I5.2.3p . Combining the taxonomies in |Val031 Sec. 4.1, Sec. 4.2], we may choose four representatives 
Di, D2, D3, D4 for GL g (Z)-orbits of Delone subdivisions as in FigureHl where we have depicted the part 
of the Delone subdivision that fits inside the unit cube in K 2 . 
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Figure 4. Delone subdivisions for g = 2 (up to GL g (Z)-equivalence) . 



We can describe the corresponding secondary cones as follows. Let R\2 
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as in Example 15.2.31 Then 




o~d 4 



■ a, 6, c > 
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5.3. Tropical Siegel space. The aim of this subsection is to introduce the tropical Siegel space, which 
parametrizes marked tropical abelian varieties, whose definition we now introduce. 

Definition 5.3.1. 

(i) A tropical p.p. (= principally polarized) abelian variety A of dimension g is a pair (V/A, Q) 
consisting of a g-dimensional real torus V/A (so that V is a g-dimensional real vector space and 
A C V is a full-dimensional lattice) and Q is a positive semi-definite quadratic form on V such that 
the null space Null(Q) of Q is defined over A ® Q, i.e. it admits a basis with elements in A ® Q. 

A tropical p.p. abelian variety A = (V/A, Q) is said to be pure if Q is positive definite. 

(ii) A marking on a p.p. abelian variety A = (V/A, Q) is an isomorphism <f> : W /Z 9 ^ V/A of real tori, 
or equivalently a linear isomorphism from R 9 onto V sending Z 9 isomorphically onto A. 

We say that (A, <ft) = (V/A, Q, (f>) is a marked tropical p.p. abelian variety. 

The above definition of tropical p.p. abelian varieties is due to [BMVllj . generalizing slightly the 
definition of |MZ07j . where only pure tropical p.p. abelian varieties are considered. 

Indeed, marked tropical p.p. abelian varieties up to isomorphism are the same thing as positive semi- 
definite quadratic forms, as observed in the following 

Remark 5.3.2. 

(i) Every marked tropical p.p. abelian variety (V/A,Q,<f>) is uniquely determined by the quadratic 
form 4>*(Q) on R 9 obtained by pulling back the quadratic form Q on V via the marking (f>. 

(ii) Every tropical p.p. abelian variety A = (V/A, Q) is isomorphic to a tropical p.p. abelian variety of 
the form (R 9 /Z 9 , Q'). Moreover, we have that (R 9 /Z 9 , Q) = (R 9 /Z 9 , Q') if and only if there exists 
h € GL S (Z) such that Q' = hQh f , i.e. if and only if Q and Q' are arithmetically equivalent. 

Given any admissible decomposition £ of fi^*, we consider the ideal stacky fan associated to the fan 
S, which we view as the tropical analogue of the classical Siegel space. 

Definition 5.3.3. Let £ be an admissible decomposition of £t*£ . We denote by s H* r (resp. S H^'' P ) the 
stacky fan (resp. ideal stacky fan) associated to the fan £ (resp. the ideal fan £|n ) according to Remark 
12.1. 101 and we call it the tropical Siegel space (resp. the pure tropical Siegel space) associated with £. 

Any (pure) tropical Siegel space parametrizes marked (pure) tropical p.p. abelian varieties, as shown 
in the following 

Proposition 5.3.4. Fix an admissible decomposition £ of VLg . 

(i) The tropical Siegel space E H^ r (resp. the pure tropical Siegel space s H* r,p y ) is a stacky fan (resp. an 
ideal stacky fan) parametrizing marked tropical p.p. abelian varieties (resp. marked pure tropical 
p.p. abelian varieties) of dimension g. 



23 



$ : s H* r — > fl£ 
(V/A,Q,^)^r(Q) 

is a continuous bijection which restricts to a homeomorphism between s H* r,p and Q g . 

Proof. The map $ is continuous by the proof of Lemma [2.1.51 and bijective by Remark 15.3. 2l| I)). Since 
S|Q g is a locally finite ideal fan by Lemma 15.1. 61 Lemma [2.1.51 implies that the restriction of $ to E H* r,p 
induces a homeomorphism between s H* r,p and <f>( E H* r,p ) = il g . □ 

5.4. Moduli space of tropical abelian varieties. The aim of this subsection is to introduce the 
moduli space of tropical p.p. abelian varieties of fixed dimension g. 

Definition 5.4.1. Let E be an admissible decomposition of Off. We denote by A g r (resp. ^A g r,p ) the 
stacky fan (resp. ideal stacky fan) obtained as the stratified quotient of SY g (resp. fi g ) with respect to 
the GL g (Z)-admissiblc decomposition E (resp. E|Q g ) as in Definition 12.2.21 

Consider the action of GL g (Z) on S H^ given by changing the markings. More precisely, an element 

ft 6 GL g (Z) acts on s H g r by sending (A, <j>) € s H* r into (A, o ft) where ft : 4 Rs/Z 9 is the 

isomorphism induced by the linear map ft. Clearly the ideal stacky subfan s H* r ' p C ^W g r is preserved 
by the action of GL g (Z). Observe that the above defined action of GL g (Z) on ^M g r makes the map $ of 
(|5.1[) equivariant with respect to the natural action of GL g (Z) on SY* (see JO}. 

Lemma 5.4.2. Fix an admissible decomposition E ofSVg. The action o/GL g (Z) on the stacky fan s H* r 
(resp. on the ideal stacky fan ' s W t g r,p ) defined above is admissible. 

Proof. This follows by combining Proposition 15.1.51 and Remark 12.2.51 □ 

We can now prove that the space (resp. ^A g r,p ) is a moduli space for tropical p.p. abelian varieties 
(resp. pure tropical p.p. abelian varieties) and it is a quotient of the tropical Siegel space s H* r (resp. the 
pure tropical Siegel space s H* r ' p ) by the group GL g (Z). 

Proposition 5.4.3. Fix an admissible decomposition E offl r g . 

(i) ^A g r (resp. ~ s A t g r ' p ) is a stacky fan (resp. ideal stacky fan) parametrizing tropical p.p. abelian varieties 

(resp. pure tropical p.p. abelian varieties) of dimension g. 
(ii) There is a morphism of stacky fans s H* r — > ^A g r (resp. of ideal stacky fans s H* r,p — > ~ s A t g :P ) which 

realizes ^A g r (resp. ^A g r ' p ) as the stratified quotient, hence global quotient, of s H* r (resp. s H* r,p J 

by the group GL g (Z). 
(Hi) s A* r ' p is homeomorphic to the quotient of f2 g by the group GL g (Z). 

Proof. The actions of GL g (Z) on the stacky fan ^M g r and on the ideal stacky fan s H* r ' p are admissible 
by Lemma T5.4. 21 Moreover, the stratified quotient of E H* r (resp. E H* r ' p ) by the group GL g (Z) is clearly 
isomorphic to the stacky fan s A* r (resp. to the ideal stacky fan ^A g r ' p ) again by Remark l2.2.5l Therefore, 
part ((Ii]) follows by combining Proposition 12.2.61 and Proposition 12 . 2 .81 

Part follows now from part ([n]) together with Proposition 15. 3.4t Hl) and Remark l5.3.2[fn|) . 

Part (full) follows from part (jn]) together with Proposition 15.3. 4lj nl). 

□ 

6. The tropical period map 

The aim of this section is to define the tropical period map from the (pure) tropical Teichmiiller 
space to the (pure) tropical Siegel space and to show that it descends to the tropical Torelli map studied 
in |BMVllj and |Chal2j . The period map will send a marked tropical curve into its marked tropical 
Jacobian, that we are now going to describe. 

6.1. (Marked) tropical Jacobians. The tropical Jacobian of a tropical curve was defined in [BMVlll 
Sec. 5.1], following the earlier definition of Mikhalkin-Zharkov in [MZ071 Sec. 6] in the case of pure 
tropical curves. 
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(ii) The map 
(5.1) 



Definition 6.1.1. Let C = (T, w, I) be a tropical curve of genus g. The tropical Jacobian (or simply the 
Jacobian) of C is the tropical p.p. abelian variety of dimension g 

[ ' Vff 1 (r,z)©zM' Wc 

where the quadratic form Qc is identically zero on R' u ' and it is given on f/i(r,R) by 

(6.1) Q c ( J] a e e] = £ a* • /(e). 

\eeE(r) / ee£(r) 

Note that a tropical curve C is pure (i.e. w = 0) if and only if its tropical Jacobian J(C) is pure (i.e. Qc 
is positive definite). 

Corresponding to any marking of a tropical curve is a marking of its Jacobian. 

Definition 6.1.2. Let (C,h) = (T,w,l,h) be a marked tropical curve of genus g. The marked trop- 
ical Jacobian (or simply the marked Jacobian) of (C, h) is the marked tropical p.p. abelian variety of 
dimension g 

J(C,h) = (J(C),<f> h ), 

where J(C) is the Jacobian of C and 

, R 9 s ffi(r,R)®RH 

^ ' » * #i(r,z) ® zh 

is the marking of J(C) which is induced by the linear isomorphism 

R 9 = iJi(i? s ,R) A iJi^R) iJi(L,R) © r!" 1 

where the first isomorphism is induced by the marking h: R g — > V w and the second isomorphism is 
induced by the canonical map T w — >• L that contracts the virtual loops of T w (see Definition ^. 3.3[) . 

It is easy to see that the above defined marking 4>h on J(C) depends only on the equivalence class of 
h (see Dcfinition l3.3.6[) ; therefore, the above definition is well posed. Moreover, it is clear that a marked 
tropical curve (C, h) is pure if and only if its marked tropical Jacobian (J(C), 4>h) is pure. 

6.2. The tropical period map. The tropical period map is defined as it follows. 

Lemma - Definition 6.2.1. The tropical period map is the continuous map 

K ■ V r 

(C,h)^<t>* h (Qc). 

Proof. We have to prove that the map Pg T is continuous. According to the Definition 13.3.141 of the 
tropical Teichmiiller space 7^ r , it is enough to show that the restriction of 'P* 1 * to the cone C(r,«,,/i), 
for each stable marked graph (T,w,h) of genus g, is continuous. This follows from the fact that the 
quadratic form Qc on j?i(r,R) depends continuously on the lengths / G M> , as is clear from formula 

(E3). 

□ 

Remark 6.2.2. By the observation before Definition 16.1.11 we have that 

Recall that the tropical Teichmiiller space 7^ r has a natural stacky fan structure (see Proposition 
13.3. 15p . On the other hand, the stacky fan structure of QJj* depends on the choice of an admissible 
decomposition S of (see Definition 15.3. 3|) . Some admissible decompositions of are compatible 
with the tropical period map Vg T in the following sense. 

Definition 6.2.3. An admissible decomposition E of f^* (see Definition 15.1. 3[) is said to be compatible 
with the tropical period map if for each cell C" r w h ^ of 7^ tr there exists a cone a € S such that 

Indeed, the two admissible decompositions that we have described in Section HT21 namely the perfect 
cone decomposition and the 2nd Voronoi decomposition, are compatible with the tropical period map. 
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Fact 6.2.4 (Mumford-Namikawa, Alexeev-Brunyate) . The perfect cone decomposition £p and the 2nd 
Voronoi decomposition Sy are compatible with the tropical period map. 

Proof. The fact that £y is compatible with the tropical period map is due to Namikawa [Nam73l (who 
says that Mumford was aware of it); the fact that Sp is compatible with the tropical period map is due 
to Alexeev-Brunyate |AB12j . □ 

Remark 6.2.5. It is known that the central cone decomposition (studied in [Koe60j and |Igu67| ) is not 
compatible with the tropical period map if g > 9 (see |AB12j ). while it is compatible with the tropical 
period map if g < 8 (see |Aetall2j ). 

Given an admissible decomposition £ of f2J? that is compatible with the tropical period map 7- > * r , we 
can lift V* r to a map of stacky fans with codomain the tropical Siegel space E H* r ' associated to £ (see 
Definition I5.3.3[) . 

Theorem 6.2.6. Let £ be an admissible decomposition of fig that is compatible with the tropical period 
map in the sense of Definition \6.2~3\ Then there exists a map of stacky fans, which we call the £-period 
map: 

E Vf : T g tr — > E H* r 
(C,h)^(J(C),ct> h ) 

such that: 

(i) The composition of ^Vg V with the continuous bijection $ : s H* r — > fi^ (see Proposition |5.ff.^p i| ) 

is the tropical period map V g r of Lemma- Definition \6.2.1\ 
(ii) s 'P* r is equivariant with respect to the homomorphism of groups 

21 : Out(F s ) -> Out(Z 9 ) = Aut(Z 9 ) = GL S (Z) 

induced by the abelianization homomorphism F g — » Fg h = IP , and the admissible actions of Out(F g ) 
on T g tr (see Proposition \ 3. 4 ■ and o/GL fl (Z) on E H* r (see Lemma \5.4-2ty . 
(Hi) We have a commutative diagram of stacky fans 

(6.2) T g tr — ^ s U g r 



M tr _!£^ Z A 



tr 



where the left vertical map is the (stratified) quotient by Out(F g ), the right vertical arrow is the 
(stratified) quotient by GL ff (Z), and the map s i* r , called the tropical Torelli map with respect to 
sends a tropical curve C into its tropical Jacobian J(C). 
(iv) The restriction of the diagram (|6.2[) to the pure moduli spaces is independent of the choice of S 
and it can be identified with the commutative diagram 

(6.3) x g ^ — - n g 

Xg/C>Ut(Fg)^^ng/GLg(Z) 

where 'pg r ' p is the continuous map (called the pure tropical period mapj: 

(C,h)^cl>UQc). 

and t g r ' p is the continuous map ( called the pure tropical Torelli map ) induced from T J g r,p by quoti- 
enting the domain by Out(F g ) and the codomain by GL ff (Z). 

Proof. Part (0) follows from the explicit descriptions of the maps V g r and E Vg r together with Proposition 

\nnm- 
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Let us now prove that ^Vf is a map of stacky fans. Since E is compatible with the tropical period 
map by hypothesis, given a cell C° r w h y we can find a cone a £ £ such that 7 3 * r (C(r,, i ,,/i)) C o\ Therefore, 
we get the following commutative diagram 

(6.4) C(r, w ,h) ^ c ^ 



9 Spfr 5 



where, moreover, the natural map $ 1 (<r) — >■ er is a homeomorphism. The restriction of the map V g r to 
C(r,w,h) i s t ne restriction of an integral linear map R- B ( r )— > M\ 2 ), as it follows easily from formula (j6.ip . 

3 



Therefore, the above commutative diagram shows that ^T 3 ' 7 * is a continuous map and that, moreover, it 



is a map of stacky fans. 

Part ([n]). As explained in 33.41 the class [a] £ Out(F fl ) of an element a £ Aut(F g ) will send (C,h) £ 
7^ r into ((7, h) ■ [a] — (C,h o qir), where an : R g — > i? g is the geometric realization of a, i.e. the 
homeomorphism of R g , unique up to homotopy, that fixes the vertex v of R g and such that the induced 
automorphism of the fundamental group (ap)J 1 £ Aut(7Ti(i£ s , u)) = Aut(F g ) is equal to a. According 

to Definition 16.1. 2 [ the marking <phoa R of J(C) induced by ho an is equal to 0^ o (ap)^ 1 where (ap)? 1 : 
W/Z a M 9 /Z 9 is the isomorphism induced by the element (ap)f 1 £ kut{H x {Rg, Z)) = Aut(Z 9 ) = 
GL S (Z). Since Hi(R g ,Z) is the abelianization of 7Ti w) ab , we get that 

(afl)f 1 =2l((a fl ): i ) = 21(a). 
From this equality and the definition of the action of GL S (Z) on s H' r (see 35. 4|) . we deduce that 



J((C, /i) • [a]) = J(C, ftoa^ (J(C), o 21(a)) = J{C, h) o 21(a), 

which concludes the proof of §a§. 

Part (|m]) : from (JiTJ) it follows that the map ^V g r induces, by passing to the quotient, a continuous map 
from 7^7 Out(F 9 ), which is homeomorphic to M* r by Proposition I4TT31 to E H*7 GL 5 (Z), which is 
homeomorphic to ^A g r by Proposition 15.4.31 Moreover, these two quotients are also stratified quotients 
(again by Propositions 14.0.91 and I5~4.3[) and therefore it follows easily that the tropical Torelli map ^t g r 
is also a map of stacky fans. Since the group Out(F s ) (resp. GL ff (Z)) acts on T g tr (resp. on E H t j r ) by 
changing the marking, it is clear that the tropical Torelli map s ijj r sends C £ M* r into J(C) £ ^A g r . 
Finally, the commutativity of the diagram (|6.2p follows directly from the definition of the map E £g r - 

Part the map s P* r sends 7^ rj> into s H* r 'P as it follows from (0) together with Remark loT2~^l 

Moreover, since we have the homeomorphisms T g tr,p = X g (see Proposition 13.1.9]) and E H* r '' p = Q g (see 
Proposition 15.3. 4lj n))). it is clear, using also 0, that the restriction of ^V g r to T g tT ' p coincides with the 
pure tropical period map "P* r ' p . Finally, from the homeomorphisms M g r ' p = X g / Out(F g ) (see Corollary 
14.0. 10p and *A g r > p = n g /GL g {Z) (see Proposition we deduce that the restriction of s i* r to 
Mg r ' p coincides with the pure tropical Torelli map t g r,p . □ 

According to Fact 16.2.41 we can specialize the above Theorem 16.2.61 to the case where S is either 
equal to the perfect cone decomposition Sp or to the 2nd Voronoi decomposition Sy. In particular, 
the tropical Torelli map Sv t g with respect to the 2nd Voronoi decomposition was studied in detail in 
BMVTTj and |Chal2j . to which we refer for further details. 



7. Open questions 
We end this paper with the following open questions: 

(1) In |BF00j . M. Bestvina and M. Feighn constructed a bordification of Outer space. It would be 
interesting to compare their bordification of X g with our bordification T g tx of T g tl,p = X g . 

(2) As the reader may have noticed, the construction of the tropical Siegel space s H* r and the moduli 
space ^A g r of tropical p.p. abelian varieties depend on the choice of an admissible decomposition 
S of the cone of rational positive semi-definite quadratic forms. If we restrict to the pure open 
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subsets s H* r 'P C s H* r and ^A g r -P C ^A g r then Proposition [Q^ljn] and Proposition lOUpi)) 
give the homeomorphisms 

s H* r ' p S rj g and S A^ P S n fl / GL fl (Z). 

However, we don't know if the topology of ^H* 1 " and of s A* r depends or not on the choice of the 
admissible decomposition E. 

(3) In |BMVll| (based on the results of [CVlOj L the authors described the fibers of the tropical 
Torelli map s n 9 : A/* 1 ' -> ^ v Af with respect to the 2nd Vor onoi decomposition Ey (clearly 
the same description works for any tropical Torelli map ^t g r , because all the tropical Torelli 
maps coincide set-theoretically). It should be possible to derive from the results in loc. cit. 
a description of the fibers of the tropical period map V g r : T g T — > fig* (or equivalently of the 
E-period map ^V g r : T g r — > s H* r for any admissible decomposition E which is compatible with 
the tropical period map). 

(4) In |BMVll| (see also |Chal2] ). the authors give a characterization of the image of the tropical 
Torelli map Sv £ 9 : M g T — > Sr A g r with respect to the 2nd Voronoi decomposition Ey (indeed, 
using |MV12j . a similar description can be given for the tropical Torelli map Ep i fl : M g r —> Sp A g r 
with respect to the perfect cone decomposition Ep). It would be interesting to derive from the 
results of loc. cit. a characterization of the image of the Ey-period map Kv, P 9 : T g tT — > Sv H* r 
and of the E P -period map ^ p T g : T g tr -> Sp H* r . 
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